We consider the ratio of the correlation function of an hexagon light-like Wilson loop with one local operator over the expectation value of the Wilson loop within the strong-coupling regime of the AdS/CFT correspondence. In the case of a regular null hexagon conformal symmetry constrains the space-time dependence of the correlator up to a function of three conformal cross-ratios. We obtain the leading-order contribution to the correlation function in the semiclassical approximation of large string tension, and express the result in terms of three conformal ratios in the case where the local operator is taken to be the dilaton. We include the analysis of an irregular Wilson loop obtained after a boost of the regular hexagon.
The study of Wilson loop observables within the AdS/CFT correspondence has lead to impressive progress on our understanding of the duality. One of the most insightful developments came from the observation that the expectation values of light-like polygonal
Wilson loops in planar Yang-Mills with N = 4 supersymmetry can be related to gluon scattering amplitudes [1] . The proposal, originally suggested in the strong-coupling regime, was also shown to hold at weak-coupling [2] . More recently light-like polygonal Wilson loops were also identified with correlation functions of local gauge invariant primary operators [3] . In the limit where the insertion points of the local operators become pairwise null-separated the correlation function becomes proportional to the expectation value of a light-like Wilson loop in the adjoint representation, with cusps at the position of the primary operators. This conjecture was extended in [4] (see also references [5] , [6] ) to mixed correlation functions of null Wilson loops with some local operators. In particular, the correlation function of n + 1 operators located at pairwise null-separated points should be related to the correlation function of an n-sided light-like Wilson loop with one local operator,
The analysis of mixed correlation functions is of great importance because they can be employed to extract information about the operator product expansion of the Wilson loop.
An extensively studied example is that of correlation functions of circular Wilson loops with various types of local operators [7] [8] [9] [10] [11] [12] [13] [14] [15] . In these cases conformal symmetry constrains the dependence of the correlation function on the space-time position of the local operators.
On the contrary, symmetries do not suffice to fix completely the correlation functions of null Wilson loops and primary operators. In [4] it was argued how conformal symmetry constrains the ratio C(W n , a) to depend on the n distances |a−x (i) | from the scalar operator to the positions of the cusps at x (i) , the n(n − 3)/2 non-vanishing diagonals of the polygon
|, where i = j ± 1, and an undetermined function F of 3n − 11 conformal cross-ratios and the 't Hooft coupling,
The structure of the conformal function F was analyzed in reference [4] in the first nontrivial case which is that of the correlation function of a quadrangle Wilson loop and one local operator, depending on just a single cross-ratio,
The leading order contribution to F (ζ) was obtained both in the strong and the weakcoupling regimes with the local operator taken as the dilaton or the chiral primary scalar [4] .
In the case of a lagrangian operator the next-to-leading order term in the weak-coupling expansion was found in [16] , and the two-loop contribution has been recently computed in [17] . The analysis of higher orders both in the weak and the strong-coupling expansions is a very interesting question and remains a challenging problem.
Another interesting direction to explore is the extension to the case of polygons with a larger number of cusps. Symmetry considerations were employed in [4] to prove the general structure in expression (2) for the correlation function of a light-like pentagon with a local operator, although a strong-coupling analysis could not be included in this case because the world-sheet surface ending on a Wilson loop with five cusps is not known. The next case of interest is that of a null hexagon, where the dependence of the correlation function on the position of the cusps and the location of the scalar operator should be determined up to a function of 3 × 6 − 11 = 7 independent conformal ratios ζ k ,
In general finding the function F for a general null hexagon with nine different diagonals seems a complicated problem. However an important simplification arises when the hexagon is regular. For this class of Wilson loops only three conformal ratios are independent and the structure of the function F simplifies greatly. 1 At weak-coupling this function was obtained perturbatively in [4] for a regular null hexagon with one dilaton operator. In this note we will obtain the semiclassical contribution to the strong-coupling limit of the conformal function F . But before proceeding we will first briefly discuss how the correlation function can be evaluated within the semiclassical approximation.
Let us first recall that at strong-coupling the local operator can be described by means of a marginal vertex operator integrated over the string world-sheet,
1 As we will prove below, no additional structure arises when the hexagon is deformed by performing a boost transformation and the corresponding irregular correlation function can still be written as a function of three conformal ratios.
Therefore we will be interested in the evaluation of the correlation function
where DX is the integration measure over the embedding coordinates of the string worldsheet and I[X] is the string action. In the planar limit the integration is performed over disc-like euclidean world-sheets ending on the null Wilson loop. In order to evaluate the integral we will assume that the local operator carries finite charges. In the semiclassical limit of large string tension √ λ ≫ 1 the contribution from the light vertex operator to the stationary surface in the string path integral can be ignored and it is the Wilson loop that dominates the correlation function. The leading contribution to the correlation function is then given by
whereV [X, a] denotes the vertex operator evaluated on the Wilson loop surface. Therefore at strong-coupling the ratio C(W n , a) can be obtained upon integration of the light vertex operator over the classical world-sheet solution.
We will now discuss some relevant aspects of the minimal world-sheet surfaces ending in a null hexagon that we will employ in this note. In [18] several minimal surfaces were obtained by cutting and gluing the quadrangle solutions in reference [1] in an attempt to discuss the scattering amplitudes of six gluons at strong-coupling. However the solutions constructed by this procedure do not have a clear interpretation as scattering amplitudes because in order to derive them some additional boundary conditions had to be imposed.
These extra conditions imply that the resulting surfaces contain only a part of the diagrams that contribute to the complete six-point amplitudes. But they correspond still to minimal world-sheet surfaces ending on a light-like hexagonal Wilson loop and thus they can be employed to analyze the correlation functions of our interest. Let us now present the corresponding solutions.
In Poincaré coordinates z and x = (x 0 , x 1 , x 2 , x 3 ) the Wilson loop surfaces that we will consider will be solutions satisfying the condition
2 The analysis that we will present below can be extended to other minimal surfaces constructed in [18] , such as those satisfying the condition
However, the Wilson loop at the boundary in this case is slightly less symmetrical because the barycenter of the hexagon does not coincide with the coordinate origin. As a consequence the corresponding correlation functions become much more involved.
The euclidean world-sheet in AdS 5 ending in the light-like hexagon at the boundary is [18] 
while x 3 can be taken to vanish. The variables u, v ∈ (−∞, +∞) parameterize the minimal surface, the constant α measures the extension of the Wilson loop and β is a boost parameter deforming the shape of the hexagon. The minus signs in expressions (9) are meant when v > 0 while the plus signs correspond to the region where v < 0. The vertices of the null hexagon at the boundary are located at
It is immediate to check that they define indeed an irregular null polygon with six light-like sides and six different non-vanishing diagonals,
Setting the boost to zero corresponds to a regular hexagon with equal length diagonals.
We will now proceed to evaluate the correlation function of this hexagon Wilson loop with a light dilaton operator. Other choices of light vertex such as the superconformal chiral primary operator are of course possible and deserve a separate study. At large string tension the leading contribution to the massless dilaton vertex is purely bosonic,
where c ∆ is the normalization constant of the dilaton [7, 19] ,
K ∆ (z; x, a) is the bulk-to-boundary propagator,
and the derivatives are ∂ ≡ ∂ + and∂ ≡ ∂ − . To leading order the scaling dimension at strong-coupling is ∆ = 4 + j, where j is the Kaluza-Klein momentum of the dilaton. The corresponding dual gauge invariant operator is Tr(F 2 µν Z j + · · · ). For simplicity in this note we will focus on the j = 0 case, so that the coupling is just to the lagrangian operator.
Regular hexagon
We will first analyze the case of the regular hexagon. As discussed above in order to find the semiclassical contribution to the correlation function we need to evaluate the dilaton vertex operator (12) in the solution (9) for the null hexagon with β = 0. We find
where (a 0 , a 1 , a 2 , a 3 ) are the coordinates of the point a, and we have defined
The minus sign in the integrand in (15) corresponds again to v > 0 while the plus refers to the region where v < 0. Note that to alleviate expressions below we have also set the size α to one. Evaluating the integral is straightforward if following reference [4] we change variables to U = tanh u and V = tanh v, and split the integration interval to take care of the signs in (15) . We find
where we have introduced the quotients
This result is in agreement with the expected general behavior (4) for the correlation function of a light-like regular hexagon and one local operator. In order to exhibit this let us first present a basis of independent conformal cross-ratios.
The cross-ratios are conformally-invariant combinations of the six vertices of the hexagon and the point a where the dilaton operator is located. Therefore they involve both the diagonals of the null hexagon and the six distances |a − x (i) |. In general, seven conformal ratios can be constructed from the nine different diagonals of an irregular hexagon. But when some of the diagonals have equal length some cross-ratios can be written in terms of others. In the case of a regular null hexagon only three conformal cross-ratios are independent. A possible choice is that in [4] ,
If we write now the distances from the dilaton operator to the six vertices in terms of q we immediately recognize the various factors in expressions (18),
Noting that these distances satisfy |a − x (1) | 2 + |a − x (4) | 2 = 2q, and cyclic, it is a simple exercise to express the quotients (18) in terms of the three conformal ratios (19),
In a similar manner after some algebra all factors in equation (17) can be written as
where the P i 's are some polynomial functions of the conformal cross-ratios given by
It suffices to insert expressions (22) in equation (17) to prove that the correlation function of a regular hexagon Wilson loop with light-like sides and one lagrangian operator can be written as a function of three conformal cross-ratios. Equation (17) is indeed of the general form (4) , where the conformal function F = F (ζ 1 , ζ 2 , ζ 3 ) is given by
Now there are various limits of interest that we may consider. A possible situation is the limit where the lagrangian operator is located near a cusp, that is, when a = x (i) + ǫα with ǫ → 0 and |α| = 1. For instance when a → x (1) we find
. This is indeed the expected behavior from the general structure of the correlator,
Another limit of interest is that where instead of approaching one of the cusps the lagrangian operator is null-separated from it. In this case the correlation function develops a logarithmic singularity. If we take for instance |a − x (1) | → 0 we find
When the lagrangian is null-separated simultaneously from two adjacent vertices we also find a singular behavior. Now the divergence comes from the factors 1/(q 2 a 2 0 − 4a (17) . Taking for instance the limit
This seems to be a general scaling, exhibited also by the quadrangle Wilson loop in [4] . We could also consider the case where the operator is located far away from the null hexagon.
This limit provides the coefficient of the lagrangian in the operator product expansion of the Wilson loop. However in this limit there is no way to distinguish the hexagon (9) from the quadrangle solution. Therefore taking |a| → ∞ we find
rather than the predicted coefficient upon numerics in [4] . This result is an artifact of the cutting and gluing derivation of the hexagon Wilson loop under consideration.
The analysis in the previous paragraphs can also be extended to general values of the scaling dimension. Finding the correlation function of a null hexagon with a general dilaton requires evaluating an integral as in equation (15), with the exponent in the propagator replaced by ∆ = 4 + j. This integral can be written in terms of analytic functions if we restrict the computation to some convenient locations of the dilaton operator. However the resulting expressions add little to our discussion and we will not present them here.
Irregular hexagon
Now we will extend the calculation to the case of an irregular hexagon with non-vanishing β.
When we evaluate the lagrangian vertex operator in the general hexagon we get
with q as defined in (16) and the integration interval as in (15) . This integral is identical to the one for the regular hexagon, except for the deformed componentã 0 ,
that collects the effect of the boost on the null hexagon. The expression for the correlation function is therefore the same as in the case of the regular Wilson loop, but with the coordinate a 0 replaced byã 0 in equation (17) and the quotients (18) . As before, in order to write the correlation function in terms of conformal cross-ratios we will first write the distances |a − x (i) | in terms of q. Now we find
When we combine these expressions with the length of the diagonals (11) we realize that
Therefore once we write the conformal ratios in terms of the coordinates of a they appear to have the same functional dependence as in the regular case, with the lagrangian located atã = (ã 0 , a 1 , a 2 , a 3 ). Thus the boost parameter drops from the three cross-ratios and the function F (ζ 1 , ζ 2 , ζ 3 ) agrees in the case of the irregular hexagon with expression (24) for the regular Wilson loop, with the dilaton shifted to the pointã. The absence of additional structure in the deformed Wilson loop is a consequence of the fact that it has been constructed by applying a conformal transformation to the regular hexagon.
There are many possible extensions of the problem addressed in this note. A natural one is the analysis of polygons with a larger number of sides. In principle, just by reviewing the expressions that we have obtained in this letter for a regular hexagon, we could expect a formidable difficulty when facing this question. However integrability could be of help in order to solve this problem. In fact a general description of regular null polygons with an even number of sides based on Pohlmeyer reduction of the equations of the string was introduced in [20] . The underlying integrability of the system allowed then the possibility to obtain the areas of the corresponding minimal surfaces with no explicit knowledge about their shape [21] . It would be very interesting if this method could be extended beyond the expectation value of null Wilson loops to include mixed correlation functions.
Another direction to explore is the possibility to communicate our strong-coupling computation with the weak-coupling contribution obtained in [4] . In this sense, rather than trying to reconstruct the strong and weak-coupling expansions order by order, it would be desirable to try to find out whether some all-order derivation as the one in [9] can also be applied to correlation functions with null Wilson loops.
